INTRODUCTION
Let N, N 0 , Z, Q, R and C denote the sets of positive integers, non-negative integers, integers, rational numbers, real numbers and complex numbers, respectively.
Let k, n ∈ N. The sum of positive divisors of n to the power of k, σ k (n), is defined by (1.1)
We write σ(n) as a synonym for σ 1 (n). For m / ∈ N we set σ k (m) = 0. Let α, β ∈ N be such that α ≤ β. The convolution sum, W (α,β) (n), is defined by We write W β (n) as a synonym for W (1,β) (n) .
The values of (α, β) for those convolution sums W (α,β) (n) that have so far been evaluated are given in Table 4 . We discuss the evaluation of the convolution sum for αβ = 14, 22, 26, i.e., (α, β) = (2, 7), (1, 22) , (2, 11) , (1, 26) , (2, 13) . These convolution sums have not been evaluated yet as one can notice from Table 4 . We also discuss the generalization of the extraction of the convolution sum using Eisenstein forms of weight 4 for all pairs of positive integers (α, β).
As an application, convolution sums are used to determine explicit formulae for the number of representations of a positive integer n by the octonary quadratic forms Table 5 . We determine formulae for the number of representations of a positive integer n by the octonary quadratic form Equation 1.3 for which (a, b) = (1, 1), (1, 3) , (2, 3) , (1, 9) . These new results are applications of the evaluation of some convolution sums by J. G. Huard et al. [12] , A. Alaca et al. [1, 3] and D. Ye [29] .
This paper is organized in the following way. In Section 2 we discuss modular forms, briefly define eta functions and convolution sums, and prove the generalization of the extraction of the convolution sum. Our main results on the evaluation of the convolution sums are discussed in Section 3. The determination of formulae for the number of representations of a positive integer n is discussed in Section 4. A brief outlook is given in Section 5.
Software for symbolic scientific computation is used to obtain the results of this paper. This software comprises the open source software packages GiNaC, Maxima, REDUCE, SAGE and the commercial software package MAPLE.
MODULAR FORMS AND CONVOLUTION SUMS
Let H be the upper half-plane, that is H = {z ∈ C | Im(z) > 0}, and let G = SL 2 (R) be the group of 2 × 2-matrices a b c d such that a, b, c, d ∈ R and ad − bc = 1 hold. Let
is a subgroup of G and is called a principal congruence subgroup of level N. A subgroup H of G is called a congruence subgroup of level N if it contains Γ(N). Relevant for our purposes is the congruence subgroup
The following definition is according to N. Koblitz [14, p. 108 ].
Definition 2.1. Let N ∈ N, k ∈ Z, f be a meromorphic function on H and Γ ⊂ Γ a congruence subgroup of level N.
wherein a n = 0 for finitely many n ∈ Z such that n < 0.
for all δ ∈ Γ and for all n ∈ Z such that n < 0 it holds that a n = 0. (c) f is called a cusp form of weight k for Γ if (c1) f is a modular form of weight k for Γ , (c2) for all δ ∈ Γ it holds that a 0 = 0.
For k, N ∈ N, let IM k (Γ 0 (N)) be the space of modular forms of weight k for Γ 0 (N), S k (Γ 0 (N)) be the subspace of cusp forms of weight k for Γ 0 (N), and IE k (Γ 0 (N)) be the subspace of Eisenstein forms of weight k for Γ 0 (N). Then it is proved in W. A. Stein's book (online version) [24, p. 81] 
As (1 − e 2πinz ). We set q = e 2πiz . Then η(z) = q 1 24
where
The Dedekind eta function was systematically used by M. Newman [19, 20] to construct modular forms for Γ 0 (N). M. Newman then determined when a function f (z) is a modular form for Γ 0 (N) by providing conditions (i)-(iv) in the following theorem. The order of vanishing of an eta function at the cusps of Γ 0 (N), which is condition (v) or (v ) in the following theorem, was determined by G. Ligozat [17] .
The following theorem is proved in L. J. P. Kilford's book [13, p. 99] and G. Köhler's book [15, p. 37]; we will apply that theorem to determine eta functions, f (z), which belong to IM k (Γ 0 (N)), and especially those eta functions which are in S k (Γ 0 (N)). 
As observed by A. Alaca et al. [1] , we can assume that gcd(α, β) = 1. Let q ∈ C be such that |q| < 1. Then the Eisenstein series L(q) and M(q) are defined as follows:
The following two relevant results are essential for the sequel of this work and are a generalization of the extraction of the convolution sum using Eisenstein forms of weight 4 for all pairs (α, β) ∈ N 2 . 
Theorem 2.4. Let α, β ∈ N be such that α and β are relatively prime and α < β. Then
Proof. We observe that
J. W. L. Glaisher [11] has proved the following identity
we conclude, when using the accordingly modified Equation 2.1, that
Therefore,
In this section, we give explicit formulae for the convolution sums W (2,7) (n), W (1, 22) (n), W (2,11) (n), W (1, 26) (n) and W (2,13) (n). Note that an explicit formula for the convolution sum W (1, 14) (n) is proved by E. Royer [23] .
3.1. Bases for IE 4 (Γ 0 (αβ)) and S 4 (Γ 0 (αβ)) for αβ = 14, 22, 26. We use the dimension formulae for the space of Eisenstein forms and the space of cusp forms in T. Miyake 
• B i (q), 1 ≤ i ≤ 7 are elements of S 4 (Γ 0 (22)).
• C i (q), 1 ≤ i ≤ 9, are elements of S 4 (Γ 0 (26)).
The eta functions
• B i (q), 1 ≤ i ≤ 7, can be expressed in the form ∞ ∑ n=1 b i (n)q n ; and )) is finite, it suffices to show that M(q t ) with t|14 are linearly independent. Suppose that x 1 , x 2 , x 7 , x 14 ∈ C and ∑ δ|14
We then equate the coefficients of q n for n = 1, 2, 7, 14 to obtain the following system of linear equations
whose unique solution is x 1 = x 2 = x 7 = x 14 = 0. So, the set B E,14 is linearly independent. Hence, the set B E,14 is a basis of IE 4 (Γ 0 (14)). (b) We first show that each A i (q), where 1 ≤ i ≤ 4, is in the space S 4 (Γ 0 (14)). That is implicit since A i (q) with 1 ≤ i ≤ 4 are obtained from an exhaustive search using Theorem 2.2 (i) − (v ). Since the dimension of S 4 (Γ 0 (14)) is 4, it suffices to show that the set { A i (q) | 1 ≤ i ≤ 4 } is linearly independent. Suppose that x 1 , x 2 , x 3 , x 4 ∈ C and
So, when we equate the coefficients of q n for n = 1, 2, 3, 4, we obtain the following system of linear equations
whose unique solution is x 1 = x 2 = x 3 = x 4 = 0. So, the set B S,14 is linearly independent. Hence, the set B S,14 is a basis of S 4 (Γ 0 (14)). 14) ), the result follows from (a) and (b).
3.2. Evaluation of W (α,β) (n) for (α, β) = (2, 7), (1, 22) , (2, 11) , (1, 26) , (2, 13).
Lemma 3.2. We have
Proof. Since the other cases are proved similarly, we only give the proof for
We apply Lemma 2.3 with α = 2 and β = 7 and we use Theorem 3.1 (c) to infer that there exist x 1 , x 2 , x 7 , x 14 , y 1 , y 2 , y 3 , y 4 ∈ C such that
Now, when we equate the right hand side of Equation 3.5 with that of Equation 2.3, and when we take the coefficients of q n for which n = 1, 2, 3, 4, 5, 7, 9, 14 for example, we obtain a system of linear equations whose solution is unique. Hence, we obtain the stated result. Now we state and prove our main result of this Subsection. Theorem 3.3. Let n be a positive integer. Then
Proof. We give the proof for the W (2,7) (n) since the other cases are proved similarly. It follows immediately when we set α = 2 and β = 7 in the right hand side of Equation 2.3, equate the so-obtained result with the right hand side of Equation 3.1 and solve for W (2,7) (n).
NUMBER OF REPRESENTATIONS OF A POSITIVE INTEGER n BY THE OCTONARY
QUADRATIC FORM USING W (1,4) (n),W (3, 4) (n),W (3, 8) (n) AND W (4, 9) (n)
The following number of representations of a positive integer n are applications of the results of the evaluation of some convolution sums by J. G. Huard et al. [12] , A. Alaca et al. [1, 3] and D. Ye [29] .
Let n ∈ N 0 and the number of representations of n by the quaternary quadratic form x 2 1 + x 2 2 + x 2 3 + x 2 4 be denoted by r 4 (n). That means,
We set r 4 (0) = 1. For all n ∈ N, the following Jacobi's identity is proved in K. S. Williams' book [27, Thrm 9.5, p. 83]
Let furthermore the number of representations of n by the octonary quadratic form
be denoted by N (a,b) (n). That means,
We then infer the following result:
+ 64W (1, 9) (n) + 1024W (1, 9) ( n 4 ) − 256 W (4,9) (n) +W (1, 36) (n) .
Proof. We only prove the case N (1,3) (n) since the other cases are proved similarly. (8σ(l) − 32σ( l 4 ))(8σ(m) − 32σ( m 4 )).
We observe that
The evaluation of
is shown by J. G. Huard et al. [12] . We map l to 4l to infer J. G. Huard et al. [12] have proved the evaluation of W (1,3) (n). We then put these evaluations together to obtain the stated result for N (1,3) (n).
CONCLUDING REMARK AND FUTURE WORK
As displayed on Table 4 , convolution sums are so far evaluated individually, i.e., there is no evaluation of the convolution sums for a class of positive integers. Since convolution sums are used to determine explicit formulae for the number of representations of a positive integer n by the octonary quadratic forms Equation 1.3 and Equation 1.4, respectively, there is no explicit formulae for the number of representations for a class of positive integers by the octonary quadratic forms as well. This is a work in progress.
